Abstract-Building on our previous work on passive dynamic walking with quadrupeds, we show that a large variety of gaits can be created completely passively by a quadrupedal model with elastic legs. Similar to the well-known Spring Loaded Inverted Pendulum model for bipeds, we created a conceptual quadrupedal model with elastic massless legs. To obtain a welldefined sequence of ground contact, we defined three distinct phases for each leg: stance, swing, and wait for touch down. Since a leg cannot make contact during swing, modifying the duration of this phase allows us to prevent feet from striking the ground prematurely. Gaits were identified in a single shooting implementation, such that the contact sequence was only influenced by the starting values of the numerical integration. By varying these values, we were able to identify trotting, pacing, walking, toelting, bounding, and galloping within a single model. For each of the identified gaits, we report the footfall pattern, ground contact forces, speed, and first order limit cycle stability.
I. INTRODUCTION
The discovery of passive dynamic locomotion [1] , [2] , [3] has lead to the creation of a number of highly efficient robotic devices [4] , [5] and continues to hold a promising potential for the creation of legged robotic systems. Passive dynamic systems rely purely on their natural mechanical dynamics that propel them forward through the interaction of gravity, inertia, and elastic oscillations [6] . Since negative actuator work is completely avoided in a passive dynamic system, their energetic economy is unpassed by any other form of legged locomotion [7] .
Passive dynamic walkers and runners have been studied extensively with simplistic conceptual models. These models have been used to identify the basic dynamics of locomotion, predict energetic efficiency, and quantify first order stability of the resulting motion. Our efforts in this field have been focused primarily on passive dynamic quadrupeds [8] for which we investigated the dynamics and stability of two and three dimensional systems [9] , [10] . Since we were focusing on stiff-legged inverted-pendulum walking, the range of possible gaits was severely limited. Stiff legged systems require an instantaneous transfer of support, which means that for stiff-legged quadrupeds exactly two of the four legs are on the ground at all times. This restricts the models to symmetrical gaits with a duty factor of β = 0.5. Another drawback of stiff legged models is the fact that such an inverted pendulum model fails to match the motion of the center of mass in human bipedal walking [11] , and that it cannot explain the characteristic double hump in the vertical ground reaction forces [12] . In addition to the inverted pendulum walking models, spring mass models have been used to describe the dynamics of running. These models assume that the total mass of the legged system is located in a single point mass that is connected via a massless linear spring with stiffness k to a massless foot. During stance, the point mass pivots in a downward arch about the contact point. Since the leg has no mass, no swing dynamics exist, and it is assumed that the leg simple moves to a predefined angle of attach α during swing. This Spring Loaded Inverted Pendulum (SLIP) model can explain the basic mechanics of two legged runners and trotting quadruped [13] , [14] .
Recent research has shown that a similar compliant bipedal model can explain ground reaction forces of both, human walking and running with a single set of parameters [15] . ccc This research suggests that not stiff, but compliant legs are fundamental to the dynamics of walking. In this interpretation, walking and running are just two separate dynamic modes of the same system that is driven by its natural mechanical dynamics.
In this paper, we will extend such an elastic model to quadrupedal locomotion. Elasticity plays an important role in quadrupedal locomotion in nature [16] , and elastic leg designs have found their way into a number of quadrupedal robotic prototypes [17] , [18] . We model a conceptual quadruped with a single rigid body with three degrees of freedom. Four massless elastic legs are mounted at the shoulder and hip, that -during swing-go to a predefined angle of attack. With this simple structure, our model is able to produce a wide range of gaits; -simply by setting appropriate initial states and system parameters. Such periodic motions were identified in a numerical framework for gait 2014 IEEE/RSJ International Conference on Intelligent Robots and Systems (IROS 2014) September 14-18, 2014, Chicago, IL, USA creation [19] . With this, we were able to identify trotting, pacing, walking, toelting, bounding, and galloping within a single quadrupedal model.
II. METHODS
While the simplistic model that we consider in this paper is very similar in its structure to the established SLIP models of bipedal locomotion, the fact that it has an extended main body and that it is resting on four legs requires a number of adjustments to the standard methodology of passive dynamic gait identification. In particular, we introduce a swing time t swing , during which a leg is not able to engage in ground contact. This creates a well defined contact pattern.
A. Gait Creation
For gait creation, we introduce a vector
T and a vector p that contain all initial states and all system parameters that are necessary to define a gait. X includes a subset of the initial generalized coordinatesq o and all generalized speedsq o at the beginning of a stride. Similarly, z o defines the discrete states at the beginning of a stride. Discrete states have a derivative of 0 and hence no velocity is associated with them. The generalized coordinate vector q = [x, y, ϕ]
T contains the horizontal and vertical position (x, y) of the Center of Mass (COM), and the orientation of the main body ϕ. A stride is assumed to always start at an initial horizontal position of x = 0. x is hence excluded from the variable vector X. The continuous dynamics of the model are governed by a set of differential equations (EOM)
In addition to the continuous dynamics, discrete changes to the system state occur every time a foot touches down or leaves the ground. We refer to such instances as events. They are defined mathematically by the directional zero crossing of an event function e: e (q,q, z, p) = 0, withė > 0.
One event is defined as the terminal event e and marks the end of a stride. Since our models are collision-free, the continuous states q andq do not change during events. Only discrete states z change according to a event-handler function
where the indices − and + indicate the states right before and right after the event. The discrete state vector z is given by z = [phase, pos x ] T and contains two kinds of discrete states: A first set of states is used to track the phase of each leg i (phase i ∈ [1, 2, 3]). These variables describe the current leg configuration. A second set of discrete states pos x,i is used to record the horizontal position at which a foot touched the ground. From these positions we can calculate the spring forces that the stance legs exhibit, and we can monitor whether foot placement is periodic over the course of multiple strides.
To simulate the hybrid dynamics of a single stride, we start with the initial state values q o ,q o and z o at time t = 0. State derivatives are computed according to the equations of motion (1) and are being integrated while monitoring for events (2) . Each time an event is detected, it is processed by the appropriate event handler function (3), before integration is continued with the new values of the discrete states z + . This process is repeated until the terminal event e is triggered which marks the end of the stride at time t stride . With this, we can define a stride-to-stride mapping X k+1 = P X k , p , which conducts the simulation of a single stride starting from the values X k at the beginning of a stride. It returns the values X k+1 at the end of the stride. This stride-to-stride mapping reduces the definition of a periodic gait to the implicit equation:
First order stability of such a periodic gait can be assessed via the eigenvalues of the Monodromy Matrix J which is the partial derivative of P with respect to the continuous and discrete states, evaluated at the periodic solution:
J describes how a disturbance ∆X = X − X evolves from step to step:
If all eigenvalues are smaller than one, the disturbance will decay asymptotically. If not, the system is unstable.
B. The Simplistic Model
The simplistic model that we use in this study consists of a rigid main body and four massless elastic legs as shown in Fig. 1 . It is a planar model and motion is restricted to the sagittal plane. The main body measures l 1 from hip to shoulder. It has a point-mass of m o and an inertia of j o . The COM can be displaced along the anteroposterior axis to represent different weight distributions. A parameter d COM (0 < d COM < 1) is used to continuously shift the COM from the shoulder (d COM = 0) to the hip (d COM = 1). The distances from the COM to the shoulder and hip are given by:
So the shoulder and hip positions could be calculated as:
The legs are modeled as massless springs with a uncompressed length of l o . They are connected to the main body at the hip and shoulder via rotational joints. Front legs and hind legs have different spring stiffnesses of k F and k H , respectively. There is no damping in the springs and rotational joints. Since the legs have no mass, there are also no collision losses. The model is energetically conservative. Feet are modeled as points with no geometrical extension and we assume that ground friction is infinitely large; that is, the feet never slip on the ground. Parameter values of the quadruped model are given in units normalized relative to total mass of the model m o , uncompressed leg length l o and gravity g [20] .
C. System Dynamics
Each leg that is in stance creates a force F i on the main body. This force acts along the direction of the leg with a magnitude proportional to the leg compression. The current length and angle of the stance leg are continuously updated in the integration of eq (1):
Once we get the current lengths and angles for the stance legs, the corresponding forces and torques exerting on the main body could be calculated as following equations:
Because this is a single body system, the equation of motion is reduced to three fully decoupled differential equations:
Each leg is in one of three discrete phases phase i : ready to touch town (1), stance (2), or swing (3). Because the ground is a unilateral constraint, a stance leg will lift off the ground contact when the current length equals to its uncompressed leg length. Since the legs have no mass, it is assumed that they go to a pre-defined angle of attack during swing. In contrast to other implementations of the SLIP model, it is assumed that after lift off, leg swing does not happen instantaneously and that the angle of attack is only reached after a certain swing time t swing . Before this time has passed, a leg will not engage in ground contact so that swing legs will not affect the main body dynamics. The transition between these phases is detected via the following event detection functions:
In the corresponding event handler functions, the phase of the involved leg is updated to its new value. At touchdown, the contact position pos x is updated according to g i,1 , and at liftoff, the time measurement of the swing phase is reset.
When computing the first order stability of a gait with eqs. (5) and (6), we have to consider that not all discrete states cause a disturbance. For example, the positions of the contact points pos x,i of feet that are not on the ground do not influence the motion. For this reason, only the non-zero eigenvalues are reported throughout this paper. Their number varies from gait to gait, depending on how many feet are on the ground during the terminal event e .
III. RESULTS
With the methodology described above, we were able to identify a large variety of symmetrical and asymmetrical gaits by numerically solving equation (4) with different initial guesses. Each gait is defined by a vector X that contains the full information about the continuous and discrete states, as well as about all system parameters. The order of ground contact, which is the main characterization of a gait, is an outcome of these initial states and parameters, and not enforced through additional constraints. The continuous generalized coordinates and velocities for all gaits are shown in Table II, the discrete states in Table III , and the system parameters in Table IV .
All gaits that were found within this paper are dynamically unstable. For most gaits, the spectral radius of the Monodromy Matrix is about 4. That means that an unstable disturbance grows by a factor of 4 during a stride. While actual self-stability would be very desirable, such a rate of disturbance growth can probably be tolerated by a closed loop control system in a robotic application. The only exception to this is the toelting gait, which is highly unstable with a spectral radius of 273.
A. Symmetrical gaits
In symmetrical gaits, the left and right side of a legged system are performing the same motion, but with a phase difference of half a stride. This greatly facilitates gait synthesis, since only a half stride must be simulated, after which the left and right side of the model can simply be switched. The angle of attack is identical for left and right legs such that only two parameters, α F and α H , were defined for the angle of attack. 
1) Trotting and Pacing:
Since the employed model is planar, the labels of left and right legs can be assigned arbitrarily to each leg. A two-beat gait with an air phase can thus be interpreted as a trotting gait if diagonal pairs of legs move together (Fig. 2) or as a pacing gait if two legs on the same side move together. The vertical ground reaction forces (Fig. 3, shown for trotting) show a characteristic single hump that corresponds to a single compression cycle of the leg spring. This result is very similar to previous studies which employed more complex models [21] . Furthermore, by a slight adjustment of the system parameters, we can identify ground reaction forces that perfectly match those recorded from crossbreed horses [22] , [23] . The average velocity for trotting and pacing is 0.66 √ l o g and the non-zero eigenvalues of the Monodromy Matrix are (4.06, 1, 0.56 ± 0.27i).
2) Walking: Walking is a four-beat gait. In nature it only exists in a lateral sequence with the following touch-down order: right hind leg, right front leg, left hind leg, left front leg. We hence used this order when defining left and right legs. The resulting motion is shown in Fig. 4 . Walking is the slowest gait that we found. With an average velocity of 0.25 √ l o g it is only half as fast as trotting and pacing. The non-zero eigenvalues of the Monodromy Matrix of walking are (−2.70 ± 1.04i, 1, 0.54 − 0.66 ± 1.37i).
In contrast to trotting and pacing, in walking, each leg spring will undergo two compression cycles. This doubleoscillation results in the characteristic double hump in the vertical ground reaction forces [12] (Fig. 5) .
3) Toelting: Toelting is a gait that is unique to Icelandic horses. Like the walking gait, it is a four beat gait. Yet it Fig. 4 . 10 consecutive frames of a full stride of a walking gait. has the ground reaction force profile of a running gait in which the leg springs undergo only a single compression cycle (Fig. 7) . In this gait, the main body shows only very small rotations and a very limited vertical movement (Fig. 6) . In nature, this makes this gait very comfortable for a rider, and one can see that it might be equally beneficial in a robotic application in which a fast and efficient, yet steady motion is desired. In terms of locomotion velocity, toelting (average speed 0.69 √ l o g) is comparable to trotting and pacing. As a downside, toelting is the most unstable gait that we observed and will be hardly realizable in an actual robot. The non-zero eigenvalues of the Monodromy Matrix are (273.57, 1, 0.68, 0.14, −0.04, −0.10).
B. Asymmetrical gaits
In contrast to symmetrical gaits, the stance phases of the left and right leg pairs are unevenly spaced in time for asymmetrical gaits. This means that a different angle of attack must be assigned to each individual leg and that a full stride must be simulated to identify a gait. Instead of using two parameters α F and α H , for the angle of attack, four parameters α LH , α RH , α LF , and α RF are required. Asymmetrical gaits include bounding and galloping gaits. 1) Bounding: In a bounding gait, the two front legs and the two hind legs move in unison (Fig. 9) . Such bounding gaits are not very frequent in nature, but a couple of robots with elastic legs have implemented these gaits; including the MIT quadruped [24] and the Scout II robot [25] . The appeal from this gait comes from the fact that by moving both legs together the control problem is greatly simplified, and no rolling motion is created. However, a substantial pitching motion is introduced (Fig. 8 ) and bounding is comparatively slow (average speed 0.41 √ l o g). The non-zero eigenvalues of the Monodromy Matrix of bounding are (5.66, 1.54, 1, 0.19).
2) Galloping: Galloping, is the fastest gait that we were able to identify. With a velocity of 1.49 √ l o g it is more than twice as fast as trotting, pacing, and toelting. For the galloping gait that we identified, the non-zero eigenvalues of the Monodromy Matrix are (3.40, 1, 0.32 ± 0.45i). Depending on the assignment of left and right legs, we can produce both a rotary and a transverse gallop. The transverse gallop is more common in horses and hence depicted in Fig. 10 .
IV. CONCLUSION AND FUTURE WORK
This paper introduced the model of a conceptual quadruped with elastic legs, and identified a large variety of passive dynamics gaits. In particular, we were able to create all primary quadrupedal gaits that are found in nature; including walking, trotting, pacing, toelting, bounding, and galloping. The different ground contact sequences of these Fig. 12 . The four symmetrical passive dynamic gaits that were identified in this study are compared with the range of gaits found in horses. This range is illustrated by the shaded region, which is adapted from Hildebrand [26] . Our results span the full range of possible symmetrical gaits that are found in nature.
gaits emerged thereby solely from the initial model states and model parameters. Our work shows that all these gaits can be created completely passively with a single model, and allows us to extend the ideas of passive dynamic locomotion to a large range of quadrupedal gaits. This insight provides an invaluable vantage point for the design of energy efficient quadrupedal robots.
Even though the different gaits are based on the same model, they have different properties, such as locomotion speed or stability. In an abstract sense, different gaits can be interpreted as different modes of elastic oscillations that propel the legged system forward. These modes can be observed most clearly in the transition from walking to trotting, in which the leg springs go from a double compression stance phase to a single compression stance phase. By using different modes of locomotion, gait properties can thus be adjusted without compromising efficiency.
The results presented in this paper are, however, only the tip of the iceberg. We deliberately restricted ourselves to only identifying example motions for the most important gaits that are found in nature. In the gait graph of Fig. 12 , these results are compared to symmetrical horse gaits. While our results span the whole range of possible gaits, it is evident, that a much larger variety of motions is possible and being used in nature. Furthermore, it is possible, that in technical applications additional gaits might proof beneficial. Our research confirms the expectation that even more gaits exist. While we only report one exemplary gait for each footfall pattern, we were, in fact, able to create a continuous variety of gaits by changing the initial states q,q and model parameters p. This result suggest that, in addition to finding a periodic motion via eq. (4), it is possible to optimize a merit function in the process. With this, one can try to mimic the ground contact patterns of gaits that are found in nature [23] or optimize first order stability of the legged system [27] . Knowledge about such optimal passive dynamic walkers will be extremely useful in robotic applications, and might also teach us about gaits in nature. For example, it might explain the range of gaits used by horses, as it is shown in Fig. 12 .
